Photon dynamics is investigated by means of the static Klein-Gordon equation. As a matter of fact, by assuming realistically photons as non-zero rest-mass particles, a single photon in a semi-infinite one-dimensional waveguide is considered. We show that the behaviour of the photon is equivalent to quantum tunneling into the waveguide so we may speak of photon pseudo-tunneling. In particular, the position, momentum, and energy expectation values of the photon are determined.
Introduction
With respect to notable relativistic quantum equations, the importance of both the linear and nonlinear Klein-Gordon equations is well-known [1, 2] . It is also wellknown that the Klein-Gordon equation is applicable to spinless, i.e., scalar particles but it is worth noting that spinless is only a sufficient condition for applying the above equation. In fact, spinless is not a necessary condition. In other words, all the spinless particles obey the Klein-Gordon equation but there are particles of non-zero spin that also obey the aforementioned equation [2] . The photon is an example of this [2] . As a matter of fact, in the present paper, we will treat photon dynamics in a one-dimensional (semi-infinite) waveguide by using the time-independent Klein-Gordon equation and, by regarding that, in reality, the photon has non-zero rest-mass (see, for instance, refs. [3, 4] ). We will show that, when a single photon moves into the waveguide, then the behaviour of the photon is equivalent to quantum tunneling so one may speak of pseudo-tunneling.
Aspects related to photon mass are very relevant; in particular, we refer to the photon rest-mass. Indeed, realistically, the photon rest-mass (although extremely small) is non-zero so it has been determined experimentally [4] contrary to the common historical assumptions by which the above mass is exactly zero. By the way, this last statement never was proven experimentally. In spite of, evidently, the photon cannot be at rest, defining and measuring its rest-mass is feasible (see, for instance, ref. [4] ). Non null photon rest-mass leads, among other things, to the possibility of longitudinal light-waves, wavelength dependence of the speed of light, and a notorious influence of a very small phenomenon as the photon nonzero rest-mass on high-energy structures [4] . In the present study, we will reflect significantly that, in reality, the photon rest-mass is different from zero. Of course, as it occurs in relation to extremely physical quantities in numerous problems, the mass in question may be assumed to be null in a number of cases. However, here we will regard this mass as non-zero by virtue of the above considerations and taking into account, of course, the purpose of the present paper.
Theoretical formulation
We begin by writing down the well-known Klein-Gordon equation (for a free particle) as follows:
From eq.(1), the corresponding time-independent, one-dimensional, Klein-Gordon equation for a single photon, whose rest-mass depends on wavelength [3] so that
, where k is a strictly positive constant such that c h k  [3] , then reads in a first approximation:
where x stands for cartesian coordinate. The photon is assumed to be in a semiinfinite one-dimensional waveguide, i.e.,
The general solution of eq. (2) is:
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Imposing into (3) that
so it is clear that eq.(4) represents quantum tunneling. Hence, we may say that the motion of the photon can be viewed as equivalent to quantum tunneling so we can denominate this behaviour as pseudo-tunneling.
Given that:
then, by replacing (4) into (5), it follows after simple calculation that
so eq.(4) becomes:
Looking at relations (4) or (6), one sees that the corresponding attenuation coefficient is
Now we are interested in calculating the position expectation value as follows:
 dx
Substituting (6) into (7), after simple computations, one gets:
On the other hand, the momentum expectation value reads:
By inserting (6) into (9), after simple calculation, it follows:
Finally, we wish to note that eq. (2) is formally similar to the non-relativistic timeindependent (one-dimensional) Schrödinger equation so eq. (2) may be rewritten as:
After replacing 0 m by its approximate expression in terms of  , the expectation value of the corresponding Hamiltonian operator from eq.(11)
is, of course, the photon energy as follows:
so we have
Equating formula (11) with the non-relativistic static (one-dimensional) Schrödinger equation, it is easy to see that one may consider a fictitious potential energy (potential barrier). Denoting by V this energy, one has that   
Conclusions
By employing the static (one-dimensional) Klein-Gordon equation, we have performed a theoretical analysis to show that the behaviour of a single photon in a semi-infinite waveguide is equivalent to photon quantum tunneling. Within this framework, photons have been assumed realistically as massive particles, that is, particles with non-zero rest-mass. The position, momentum, and energy expectation values of the single photon in question have been determined (see formulas (8), (10) and (12)). Due to that the photon rest-mass depends upon wavelength (in fact, this mass is quasi-inversely proportional to  ), it is clear that our results depend also on wavelength. By the way, for the sake of simplicity in the exposition,  has not been considered explicitly as a variable in contrast to, of course, x (as a matter of fact, for purely mathematical reasons,  can be viewed as a parameter). In this respect, it is worth considering the geometric-optics limit 
